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KRUSKAL-SHEPARD SCALING

Introduction to Kruskal-Shepard Scaling

Kruskal-Shepard Scaling (KSS) is a highly influential technique within the field of psychometrics
and data analysis, serving as a primary method of non-metric Multidimensional Scaling (MDS). It
is fundamentally concerned with visualizing the underlying structure of proximity data, specifically
judgments of similarity or dissimilarity between a set of stimuli or items. The core purpose of KSS
is to translate these subjective, often ordinal, relational data into a geometric configuration in a low-
dimensional Euclidean space. This spatial representation allows researchers to understand the
psychological dimensions that govern how subjects perceive and differentiate between the items,
effectively mapping complex cognitive relationships onto a visually interpretable map.

Developed independently by Joseph Kruskal and Roger Shepard in the 1960s, KSS revolutionized
the application of scaling methods, particularly in psychology, by addressing the limitations of
earlier, strictly metric approaches. The primary insight was recognizing that human judgments of
similarity often provide only ordinal information; that is, a subject can reliably state that Item A is
more dissimilar to Item B than Item C is to Item D, but they cannot necessarily quantify the exact
ratio or interval difference between these dissimilarities. KSS is designed precisely to handle this
ordinal input, making it robust against measurement error and violations of interval scale
assumptions that plague metric scaling techniques. This robustness allows KSS to uncover
meaningful structural relationships even when the input data is relatively noisy or qualitative.

The central tenet of KSS is the mathematical representation of dissimilarities as distances in a
chosen dimensional space. A fundamental principle must be maintained: larger distances
between points in the resulting geometric map must correspond directly to greater perceived
dissimilarity between the original items, while smaller distances signify higher similarity. This
relationship is achieved through a monotonic transformation, meaning the rank order of the input
dissimilarities is preserved by the rank order of the output distances. The computational challenge
lies in finding the specific configuration of points--the coordinates in the spatial map--that best
satisfies this monotonic relationship while utilizing the smallest possible number of dimensions,
thereby maximizing both goodness-of-fit and interpretability.

The Theoretical Foundation: Multidimensional Scaling (MDS)

Multidimensional Scaling (MDS) is an overarching statistical framework dedicated to analyzing
proximity data, aiming to reveal the latent structure that dictates the relationships among a set of
objects. These proximity data, which quantify how similar or dissimilar objects are perceived to be,
are represented as coordinates in a spatial model. The power of MDS, and thus KSS, lies in its
ability to transform abstract relational information into concrete, measurable geometric
relationships. This transformation is crucial in fields like cognitive psychology, where the underlying
dimensions of perception--such as the hue and saturation of colors, or the political leanings of
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candidates--are often unknown and must be inferred from observed behaviors or judgments.

Kruskal-Shepard Scaling specifically falls under the non-metric branch of MDS, but it shares the
core objective of all MDS techniques: to create a map where the distances between points
accurately reflect the input dissimilarities. If stimulus 1 is highly dissimilar to stimulus 2, the
calculated Euclidean distance between point 1 and point 2 in the spatial map must be large.
Conversely, highly similar stimuli will be plotted close together, often forming clusters. The
determination of this spatial map is an iterative optimization process, utilizing numerical analysis to
iteratively adjust the coordinates of the points until the derived distances optimally match the input
proximities, relative to a specific measure of misfit.

It is essential to distinguish KSS from metric MDS techniques, such as Principal Coordinates
Analysis (PCoA). Metric MDS assumes that the input dissimilarity data are measured on a strong
scale (interval or ratio) and that the relationship between the input dissimilarities and the output
distances is linear. KSS, however, relaxes this stringent assumption. By only requiring the
preservation of the rank order, KSS provides a much more flexible and widely applicable tool for
handling psychological data, which frequently violates the assumptions required for linear scaling.
The robustness inherent in the non-metric approach ensures that the resulting structure is less
susceptible to scaling artifacts introduced by non-linearities in the psychological measurement
process.

Input Data: Dissimilarity Matrices

The foundation of any Kruskal-Shepard Scaling analysis is the dissimilarity matrix, a critical input
structure that quantifies the pairwise relationships between all items under investigation. This
matrix, typically square and symmetric, contains $N times N$ entries, where $N$ is the number of
stimuli. Each cell in the matrix represents the measured dissimilarity between item $i$ and item
$j$. The diagonal entries are conventionally zero, as an item is perfectly similar to itself. While the
matrix theoretically requires symmetry (the dissimilarity from A to B equals the dissimilarity from B
to A), KSS can sometimes be adapted to handle asymmetric data, although standard interpretation
often assumes symmetry.

Dissimilarity data can be collected in numerous ways, reflecting the flexibility of KSS applications.
Common methods include direct rating scales, where subjects rate the similarity of all possible
pairs on a numerical scale (e.g., 1=very similar, 7=very dissimilar); sorting tasks, where subjects
group items into categories based on similarity, and the dissimilarity is derived from how often two
items are placed in different groups; or, in psychophysics, confusion matrices derived from error
rates in discrimination tasks. Regardless of the collection method, the crucial requirement for non-
metric scaling is that these measurements reliably convey a rank ordering of the psychological
distance between the items.
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The quality and nature of the input matrix directly dictate the output map. For KSS, the
measurements only need to be monotonic with the true underlying psychological distances. This
means that if the psychological difference between Item A and Item B is truly greater than the
difference between Item C and Item D, the reported dissimilarity value $d_{AB}$ must be greater
than $d_{CD}$. KSS does not assume that $d_{AB}$ is, for example, exactly twice the magnitude
of $d_{CD}$. This ordinal requirement is what permits the use of rank-ordered data, which are
ubiquitous in subjective human judgment studies. If the input data were known to be measured on
an interval or ratio scale with high precision, metric MDS might be preferred, but for most
exploratory psychological research, the non-metric assumptions of KSS are more appropriate and
safer.

The Role of Non-Metric Scaling

The defining feature of Kruskal-Shepard Scaling is its non-metric nature, which is achieved through
the use of a monotonic transformation. This transformation step distinguishes KSS from all forms
of metric scaling. Instead of aiming for a linear fit between input dissimilarities and output
distances, KSS searches for a set of distances in the spatial configuration, denoted $d_{ij}$, that
are monotonically related to the input proximities, $delta_{ij}$. This relationship is established
through calculated "disparities,” denoted $hat{d} {ij}$, which are the optimal rank-preserving
estimates of the input data.

The non-metric constraint ensures that if the input data indicates that stimulus A is less similar to B
than C is to D, then the resulting spatial distance $d_{AB}$ must be larger than $d_{CD}$. The
actual functional form of the relationship between the input dissimilarity $delta_{ij}$ and the output
distance $d_{ij}$ is irrelevant, as long as the rank order is preserved. This reliance on rank-order
information makes KSS an extremely powerful tool for analyzing qualitative data, such as
consumer preferences, emotional categorizations, or political perceptions, where the true
underlying metric scale is elusive or nonexistent.

The methodology achieves this flexibility by minimizing a measure of fit that compares the
calculated distances ($d_{ij}$) to the disparities ($hat{d}_{ij}$). The disparities are essentially the
calculated distances "smoothed" to be perfectly monotonic with the original input data. The ability
of KSS to successfully operate using only the ordinal properties of the data means that the
resulting geometric map is highly robust to variations in individual response biases or non-linear
scaling effects that might distort the absolute values of similarity ratings. Consequently, the derived
dimensions are considered highly representative of the inherent psychological structure, rather
than artifacts of the measurement instrument itself.

The Stress Function (STRESS-1) and Optimization
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The success of any Kruskal-Shepard Scaling solution is quantified by a goodness-of-fit measure
known as Stress, which represents the residual variance--the extent to which the calculated
distances in the spatial map deviate from the input dissimilarities after the monotonic
transformation. Kruskal's primary contribution was the formalization of this specific measure, most
commonly referred to as STRESS Formula 1 (STRESS-1). STRESS-1 is defined as the square
root of the normalized sum of squared differences between the distances derived from the
configuration ($d_{ij}$) and the optimal disparities ($hat{d} {ij}$).

Mathematically, the Stress function serves as the objective function that the scaling algorithm
seeks to minimize. A Stress value of zero indicates a perfect fit, where the spatial distances
perfectly reproduce the rank order of the input dissimilarities, which is rarely achieved in real-world
data. Conversely, high Stress indicates a poor fit, suggesting that the chosen dimensionality or the
Euclidean model itself is inadequate for representing the data structure. The normalization factor in
the denominator of the STRESS-1 formula ensures that the value is interpretable relative to the
total variability of the data, allowing for comparisons across different datasets or different
dimensional solutions.

The minimization of Stress is achieved through an iterative process utilizing numerical optimization
algorithms, typically variants of gradient descent (such as the steepest descent method). The
algorithm starts with an arbitrary, initial configuration of points in the chosen dimensional space. In
each iteration, the algorithm calculates the Stress, determines the direction (the gradient) in which
moving the points will most rapidly reduce the Stress, and then adjusts the coordinates of the
points in that direction. This process repeats until the improvement in Stress between iterations
falls below a predefined tolerance level, or until a maximum number of iterations is reached,
indicating that a local minimum has been found. Because the Stress function is complex and non-
convex, it is often recommended to run KSS multiple times with different random starting
configurations to ensure the algorithm converges upon the global minimum, or at least the best
local minimum, thereby guaranteeing the most optimal spatial representation.

Determining Optimal Dimensionality

One of the most critical decisions in applying Kruskal-Shepard Scaling is the selection of the
appropriate number of dimensions ($R$) for the spatial map. While technically, a solution with
$N-1$ dimensions (where $N$ is the number of stimuli) can always achieve zero Stress, such
high-dimensional solutions are useless for visualization and interpretation. The goal of KSS is
parsimony: finding the lowest possible dimensionality that still provides an acceptable and
meaningful representation of the data structure.

The primary tool used to guide this decision is the Scree Plot, which graphs the Stress value
against the number of dimensions tested (e.g., 1D, 2D, 3D, 4D, etc.). As the dimensionality
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increases, the Stress value decreases monotonically. The researcher looks for the "elbow" or
inflection point on this plot--the point where adding an extra dimension yields only a negligible or
marginal reduction in Stress. This elbow typically marks the appropriate dimensional solution,
indicating that the major structure of the data has been captured by the dimensions already
included.

Beyond the quantitative assessment via the Scree Plot, the final determination of optimal
dimensionality relies heavily on two qualitative criteria: interpretability and theoretical
plausibility. A two-dimensional solution might have slightly higher Stress than a three-dimensional
solution, but if the two dimensions can be clearly labeled with psychologically meaningful concepts
(e.g., "Arousal" and "Valence" for emotions), and the third dimension seems arbitrary or
uninterpretable, the two-dimensional solution is preferred. The dimensions must align with existing
theory or provide novel insights that are logically consistent within the domain of study. Generally,
solutions beyond three dimensions are difficult to visualize and interpret and are often avoided
unless the Stress reduction is compellingly significant.

Interpretation and Visualization of Spatial Maps

The ultimate output of Kruskal-Shepard Scaling is the spatial configuration--a plot of the
coordinates of the stimuli in the chosen $R$-dimensional space. The effective interpretation of this
map is paramount to the success of the analysis. The visualization immediately reveals patterns of
similarity: stimuli clustered closely together are perceived as highly similar, while stimuli separated
by large distances are perceived as highly dissimilar. This graphical output provides a powerful,
intuitive summary of complex relational data.

The most challenging step in interpretation is naming the dimensions (axes). This process
involves examining the projection of the stimulus points onto each axis. If a dimension separates
one set of stimuli (e.g., all fast, sleek cars) from another set (e.g., all slow, boxy trucks), the
researcher infers the underlying psychological variable that governs this separation--in this case,
perhaps a combination of "Speed" and "Form Factor." This interpretation is often aided by external
data, such as existing ratings of the stimuli on known attributes, which can be correlated with the
derived coordinate values to validate the dimension label.

Furthermore, researchers often utilize specialized techniques, such as the fitting of vector models
or preference mapping (PREFMAP), to overlay external variables or individual subject preferences
onto the KSS solution. This allows for a richer understanding of how the inherent structure relates
to other known factors. The clarity and simplicity of the resulting spatial map--where all the
relational information is compressed into two or three visible axes--demonstrates why Kruskal-
Shepard Scaling remains a foundational tool for revealing the hidden geometry of psychological
and perceptual spaces.
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