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ORTHOGONAL CONTRASTS

Introduction to Orthogonal Contrasts: Definition and Purpose

Orthogonal contrasts represent a powerful and specific statistical technique utilized primarily
within the framework of the Analysis of Variance (ANOVA). Fundamentally, these contrasts are
statistical comparisons designed to test specific hypotheses regarding differences among the
means of multiple treatment groups. Unlike general post-hoc tests, which perform all possible
pairwise comparisons, orthogonal contrasts are planned comparisons formulated before data
collection, allowing researchers to efficiently partition the variance associated with the treatment
effect into non-overlapping, independent components. This structured approach ensures that the
statistical power is focused on theoretically meaningful comparisons dictated by the experimental
design, thereby significantly reducing the risk of Type | error inflation that often plagues multiple
comparison procedures.

The core utility of orthogonal contrasts lies in their ability to precisely assess the effects of a single
independent variable across its various levels upon a dependent variable. For instance, in complex
experimental designs involving three or more treatment groups--such as comparing a placebo
against two different dosages of a drug--orthogonal contrasts allow the researcher to isolate the
specific effect attributable to the dosage increase versus the effect of the drug presence itself. This
decomposition of the overall treatment effect (the F-ratio from ANOVA) provides a far richer and
more interpretable understanding of the experimental outcomes than simply determining that a
difference exists somewhere among the means. It shifts the focus from a global omnibus test to
targeted hypothesis testing, aligning statistical analysis closely with theoretical predictions.

When multiple levels of treatment are present, such as in clinical trials evaluating dose-response
relationships or educational studies comparing different pedagogical methods, orthogonal
contrasts become indispensable. They formalize the process of making comparisons by imposing
the requirement of orthogonality, meaning that the information derived from one comparison is
statistically independent of the information derived from all other comparisons. This independence
is the defining characteristic that separates orthogonal contrasts from general linear contrasts. By
ensuring statistical independence, the analysis remains clean, and the interpretation of each tested
hypothesis stands alone without being confounded by the results of the other simultaneous
comparisons.

Historical Context and Development: The Legacy of Ronald Fisher

The conceptual foundation of orthogonal contrasts is deeply rooted in the early 20th-century
development of modern statistical methods, particularly those concerning experimental design and
the Analysis of Variance. This methodological innovation is credited largely to the pioneering work
of the British statistician and geneticist, Sir Ronald Aylmer Fisher. Fisher, in his seminal work
during the 1920s, recognized the inefficiency and ambiguity inherent in simply comparing every
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pair of means when analyzing results from complex agricultural experiments where multiple
varieties of treatments (e.g., fertilizers) were tested simultaneously. He sought a statistically
rigorous way to break down the total variability into meaningful, independent parts.

Fisher introduced the foundational principles necessary for conducting these sophisticated
comparisons. He articulated that if researchers could define specific linear combinations of the
treatment means--where the coefficients of these combinations summed to zero--they could
effectively test specific hypotheses about the relationships among groups. Crucially, he further
demonstrated that if these linear combinations were constructed in such a way that the sum of the
products of the coefficients for any two comparisons also equaled zero, these comparisons would
be statistically independent or "orthogonal." This realization provided the mathematical framework
necessary to partition the sums of squares associated with the treatment effect into non-
overlapping orthogonal components.

The introduction of this technique, detailed in works such as his 1925 publication, "Statistical
Methods for Research Workers," revolutionized experimental practice. Prior to Fisher's
development of ANOVA and orthogonal contrasts, researchers often relied on less powerful or less
specific methods. Orthogonal contrasts provided the means to compare the averages of multiple
treatments efficiently and interpretably, without being forced to calculate the differences between
every single pair of means, which would lead to cumbersome results and inflated Type | error
rates. Fisher's methodology ensured that researchers could ask precise questions of their data and
obtain precise answers, cementing orthogonal contrasts as a fundamental tool in both
psychological and biological research.

The Mathematical Foundation: Linearity and Independence

Understanding the mathematical underpinning of orthogonal contrasts requires familiarity with
two key concepts: linear combination and statistical independence. A contrast, generically defined,
is a linear combination of population means ($mu_j$), represented by the formula $L =c_1mu_1 +
c_2mu_2 + dots + c_kmu_k$. For this linear combination to qualify as a contrast, the coefficients
($c_j$) must satisfy the condition that their sum is zero ($sum c_j = 0$). This constraint ensures
that the contrast is truly measuring a difference between weighted groups of means, rather than
simply measuring the overall magnitude of the means.

The critical feature that elevates a standard contrast to an orthogonal contrast is the criterion of
independence. If an experiment involves $k$ treatment groups, it is possible to define up to $k-1$
mutually orthogonal contrasts. Two contrasts, $L_A$ (with coefficients $c_{Aj}$) and $L_B$ (with
coefficients $c_{Bj}$), are orthogonal if and only if the sum of the products of their corresponding
coefficients is zero: $sum (c_{Aj} cdot c_{Bj}) = 0$. This mathematical requirement ensures that
the information provided by contrast A is completely independent of the information provided by
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contrast B. When this condition is met across all defined contrasts, the total Sum of Squares for the
treatment effect ($SS_{Treatment}$) can be perfectly partitioned into $k-1$ separate, non-
overlapping Sums of Squares, one for each orthogonal contrast ($SS_{L _i}$).

This partitioning property is immensely valuable because it means that the error associated with
testing one contrast does not influence the error associated with testing another. The statistical
tests derived from orthogonal contrasts are therefore independent, allowing the researcher to
conduct multiple hypothesis tests without the necessity of applying complex adjustments for
multiple comparisons (like the Bonferroni correction), which are typically required for non-
orthogonal post-hoc tests. This inherent independence preserves statistical power and maintains
the overall Type | error rate at the predefined alpha level for the entire set of planned orthogonal
comparisons, provided that the full set of $k-1$ contrasts is indeed orthogonal.

Practical Application in Experimental Design: Integration with ANOVA

Orthogonal contrasts are nearly always used in conjunction with the Analysis of Variance
(ANOVA), serving as the primary tool for detailed analysis following the rejection of the null
hypothesis in the omnibus F-test, or even as a replacement for the omnibus test when the
hypotheses are highly specific. While ANOVA confirms whether there is a significant overall
difference somewhere among the group means, the orthogonal contrasts pinpoint precisely where
those differences lie, specifically testing the theoretically relevant comparisons that motivate the
study. For a successful application, researchers must meticulously define the contrast coefficients
prior to data analysis, ensuring they directly map onto the research questions.

Consider a study examining the effects of different training methods (A, B, C, D) on performance.
The overall ANOVA might indicate a significant effect. Orthogonal contrasts allow a breakdown:
Contrast 1 might compare the average of methods A and B against the average of methods C and
D (e.g., comparing old methods vs. new methods). Contrast 2 might compare A versus B (two
specific old methods). Contrast 3 might compare C versus D (two specific new methods). If these
three contrasts are orthogonal, their individual Sums of Squares will perfectly sum up to the total
Sum of Squares for the training method factor, demonstrating a complete decomposition of the
effect. This process transforms a general finding into a series of specific, scientifically meaningful
conclusions.

The application of orthogonal contrasts extends widely across psychology, particularly in areas
requiring nuanced comparisons, such as psychopharmacology and cognitive psychology. For
example, in a study comparing the efficacy of a placebo, a low dose (Dose 1), and a high dose
(Dose 2) of a novel medication, the researcher can define two orthogonal contrasts:

Contrast 1 (Drug Effect): Compares the placebo group mean against the average of the two drug
dose means. This tests the fundamental hypothesis of whether the drug has any effect compared
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to the control.

Contrast 2 (Dose-Response Effect): Compares the low dose mean against the high dose mean.
This tests the hypothesis regarding the presence of a linear dose-response relationship,
independent of whether the drug works at all compared to placebo.

This structured approach ensures that the analysis directly addresses the key theoretical questions
about the drug's mechanism and efficacy profile.

Designing Contrast Coefficients: Rules and Requirements

The successful implementation of orthogonal contrasts hinges entirely on the proper design of
the contrast coefficients ($c_j$). These coefficients are the weights applied to the group means,
and their construction must adhere to stringent mathematical rules to ensure the resulting
comparisons are valid and independent. For $k$ groups, $k-1$ contrasts can be defined, and all
must satisfy two fundamental rules: first, the coefficients within any single contrast must sum to
zero, and second, the products of coefficients across any pair of contrasts must sum to zero.

There are several standardized sets of orthogonal contrasts commonly used, depending on the
nature of the independent variable and the hypotheses being tested.

Helmert Contrasts: These compare the mean of each level (except the first) with the mean of all
preceding levels. They are often useful when a logical progression or baseline comparison is
necessary.

Simple Contrasts (Difference Contrasts): While not inherently orthogonal, they can be made so
if the comparisons are specifically structured. These typically compare each level to a control
group, though a full orthogonal set requires more complex construction.

Polynomial Contrasts (Trend Analysis): Used when the independent variable is quantitative
(e.g., dosage, time, temperature). These contrasts test for specific patterns of response, such as
linear, quadratic, or cubic trends, across the levels of the variable.

These structured sets ensure that the required orthogonality conditions are met automatically,
provided they are applied correctly to the equally spaced levels of a factor.

When defining coefficients manually, researchers must be meticulous. Consider three groups (A,
B, C). Two orthogonal contrasts are required. If Contrast 1 compares A vs. the average of B and C,
the coefficients might be $c_{1A}=+2%, $c_{1B}=-13%, $c_{1C}=-1$%. To check the first rule: $2 + (-1)
+ (-1) = 0%. For Contrast 2, comparing B vs. C, the coefficients might be $c_{2A}=0$, $c_{2B}=+13$,
$c_{2C}=-1%. To check the first rule: $0 + 1 + (-1) = 0%. To check for orthogonality, we calculate the
sum of the products: $(2 cdot 0) + (-1 cdot 1) + (-1 cdot -1) =0 - 1 + 1 = 0%. Since the sum is zero,
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the two contrasts are indeed orthogonal, and the resulting statistical tests will be independent.
This careful construction ensures the integrity and statistical power of the analysis.

Advantages and Limitations of the Technique

The primary advantage of employing orthogonal contrasts is the significant increase in statistical
power and precision compared to omnibus ANOVA or non-specific post-hoc tests. Because
orthogonal contrasts partition the variance into independent components, they allow researchers to
focus the entire Sum of Squares associated with the treatment effect onto a small set of highly
specific, theoretically driven questions. This targeted analysis prevents the dilution of effects that
can occur when statistical power is spread across numerous, often meaningless, pairwise
comparisons. Furthermore, the independence property eliminates the need for complex
adjustments for Type | error inflation, simplifying the interpretation of results.

However, orthogonal contrasts possess crucial limitations that researchers must consider. The
most significant limitation is that the technique itself, when embedded within ANOVA, only provides
information about the existence and magnitude of the differences between treatment groups based
on the defined hypotheses; it does not provide direct information about the significance of
these differences without further calculation. While the contrast value (the difference) is calculated,
researchers must calculate the Sum of Squares for the contrast, divide it by the Mean Square Error
($MS_{Error}$) from the overall ANOVA to obtain an F-statistic for that specific contrast, and then
compare this F-value to the critical F-distribution to determine statistical significance (p-value).

Another critical limitation stems from the requirement that contrasts must be defined a priori
(planned comparisons). If the researchers define the contrasts after observing the data--a practice
known as "data snooping"--the required independence and the preservation of the alpha level are
violated. While the mathematical definition of orthogonality remains true, the statistical validity of
interpreting the resulting p-values without correction is compromised, turning them essentially into
non-orthogonal post-hoc tests requiring adjustment. Therefore, the strength of the method relies
heavily on robust theoretical planning. If the researcher's theoretical model is inaccurate or weak,
the resulting orthogonal contrasts, though mathematically valid, may not address the most
important differences present in the data, potentially leading to missed discoveries.

Step-by-Step Implementation and Interpretation

Implementing orthogonal contrasts requires a systematic approach, typically following the initial
data screening and the calculation of the overall ANOVA. The implementation involves several key
steps that transition the researcher from descriptive statistics to inferential testing specific to the
contrasts.

Define Hypotheses and Coefficients: Based on theory, define $k-1$ orthogonal contrasts.
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Ensure that for every contrast, $sum c_j = 0$, and for every pair of contrasts, $sum (c_{Aj} cdot
c_{Bj}) = 0%.

Calculate the Contrast Value ($L$): Calculate the estimated contrast value by applying the
coefficients to the sample means ($bar{Y}_j$). This involves creating a matrix of the means of all
treatments and using the coefficients to calculate the differences between the means of each
treatment. The formula is $L = sum c_j bar{Y}_j$.

Calculate the Sum of Squares for the Contrast ($SS_L$): The variance attributable to the
specific contrast is calculated using the formula $SS_L = frac{n cdot L"2{sum c_j*2}$, where $n$
is the sample size per group (assuming equal n). This calculation shows how much of the total
treatment variance is accounted for by the specific hypothesized comparison.

Calculate the F-statistic: Since each contrast has 1 degree of freedom ($df=1$), the Mean
Square for the contrast ($MS_L$) is equal to $SS_L$. The F-ratio is calculated as $F_L =
frac{MS_LKMS_{Error}}$, using the Mean Square Error derived from the overall ANOVA model.

Determine Significance: Compare $F_L$ to the critical F-value (or calculate the p-value) based
on 1 and $df_{Error}$ degrees of freedom. A significant F-test indicates that the specific difference
hypothesized by the contrast is statistically reliable.

The interpretation of a significant orthogonal contrast is highly focused. If the F-test for Contrast 1
(e.g., comparing Placebo vs. Average Drug Dose) is significant, the interpretation is that the drug,
overall, had a measurable effect compared to the control condition. If Contrast 2 (e.g., comparing
Low Dose vs. High Dose) is also significant, the interpretation is that there is an independent,
statistically reliable difference between the effects of the two dosages. Because of the
orthogonality, these two conclusions are completely independent of one another, providing a clean
separation of effects.

This step-by-step framework ensures that the researcher moves beyond the general conclusions
provided by the omnibus ANOVA and rigorously tests the underlying theoretical structure of the
experiment. While the calculations can be complex, modern statistical software packages
automate the process, provided the coefficients are correctly inputted, allowing the researcher to
focus on the meaningful interpretation of the independent effects. Thus, orthogonal contrasts
remain a cornerstone method for advanced analysis in experimental psychology.

References for Further Study

The principles and applications of orthogonal contrasts are extensively detailed in foundational
statistical texts regarding experimental design.

Fisher, R. A. (1925). Statistical methods for research workers. Edinburgh: Oliver and Boyd.
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Kirk, R. E. (1995). Experimental design: Procedures for the behavioral sciences (3rd ed.). Pacific

Grove, CA: Brooks/Cole.

Vaughan, J. W. (1987). Analysis of variance: An introduction. Pacific Grove, CA: Brooks/Cole.
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