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SECOND-ORDER FACTOR

Introduction to the Second-Order Factor

The concept of the second-order factor is fundamental to advanced multivariate statistical
techniques, particularly within the domain of factor analysis in psychology, psychometrics, and
organizational behavior. It represents a higher level of abstraction in a hierarchical model,
emerging when the initial set of factors--known as first-order factors--are found to be significantly
correlated with one another. Unlike orthogonal (uncorrelated) factors, which stand independently,
second-order factors are derived specifically from the intercorrelation matrix generated during
oblique rotation of the initial factors. This relationship is crucial, as it allows researchers to identify
a more fundamental, superordinate construct that underlies and drives the observed relationships
among the more specific, narrow traits or abilities.

Formally, a second-order factor is an aspect that results from the systematic factorization of the
oblique aspects by correlation to the resulting aspects independently. If the first-order factors were
truly independent, the correlation matrix between them would be an identity matrix, and no further
factoring would be possible or meaningful. However, in many fields of psychological measurement,
such as personality or intelligence testing, constructs rarely exist in total isolation; rather, they
overlap substantially. For instance, various cognitive skills might all share a common element of
general cognitive ability. The second-order factor serves as the statistical representation of this
common underlying variance, providing a parsimonious explanation for the complexity observed at
the primary factor level.

Understanding the second-order factor requires moving beyond a simple descriptive analysis of
observed variables into a structural modeling perspective. It implies a hierarchical causal structure:
the second-order factor influences the first-order factors, which, in turn, influence the observed
variables (the test items or behaviors). This framework provides significant theoretical advantages,
allowing researchers to model latent constructs that are too broad or abstract to be measured
directly by specific items, thus offering profound insights into the organization of human traits and
abilities.

Context: Factor Analysis and Oblique Rotation

The pathway to identifying a second-order factor begins with the selection of an appropriate
rotational strategy during Exploratory Factor Analysis (EFA). EFA is initially used to reduce a large
number of observed variables into a smaller set of meaningful, latent first-order factors. Once the
initial factors are extracted, they must be rotated to achieve a simple and interpretable structure.
There are two primary categories of rotation: orthogonal and oblique. Orthogonal rotation, such
as Varimax, forces the resulting factors to be uncorrelated (at 90 degrees in geometric space).
While statistically convenient, this approach often violates the theoretical expectation that
psychological constructs are related, thereby failing to capture the true complexity of the data.
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Conversely, oblique rotation methods, such as Oblimin or Promax, allow the factors to correlate
freely. When the resulting factors exhibit significant correlations, these methods produce two key
outcomes: the factor pattern matrix (showing the unique relationship between variables and
factors) and the factor correlation matrix (showing the degree of relationship between the factors
themselves). It is this latter matrix--the matrix of inter-factor correlations--that becomes the
essential input data for the subsequent second-order analysis. Without the use of an oblique
rotation, the second-order factor analysis cannot proceed, as the input correlation matrix would
contain only zeros (indicating no correlation), making further factoring impossible.

The choice of oblique rotation is therefore a deliberate theoretical commitment, acknowledging that
the underlying constructs are hierarchically organized rather than discrete entities. For example, if
a researcher identifies first-order factors such as "Sociability," "Assertiveness," and "Warmth," and
these factors are found to correlate strongly (e.g., $r > 0.309%), it suggests that a higher-level
construct, perhaps "Extraversion," is the shared source of variance. The factor correlation matrix
guantifies these relationships, establishing the necessary conditions for the existence and
derivation of the overarching second-order factor.

The robustness of the second-order factor depends intrinsically on the strength of the correlations
observed among the first-order factors. If these correlations are weak, any derived second-order
factor may be unstable, poorly defined, and difficult to interpret theoretically. Therefore,
researchers must ensure that the correlations among the first-order factors are sufficiently high to
warrant the step of higher-order factoring, which ultimately aims to achieve greater parsimony and
theoretical depth in the structural model.

Mathematical Derivation and Process

The mathematical derivation of the second-order factor is essentially a sequential application of
factor analysis. The process begins after the initial oblique rotation of the observed variables has
yielded the $Phi$ matrix, which is the matrix of inter-factor correlations. This $Phi$ matrix, which is
symmetric and contains correlations ranging from $-1.0$ to $1.0$, is treated as the new data
matrix for the second stage of factoring. The number of variables in this new analysis is equal to
the number of first-order factors identified in the initial stage.

The subsequent steps mirror the initial factor analysis process: eigenvalues are calculated from the
$Phi$ matrix to determine how many second-order factors should be retained (using criteria like
the Kaiser criterion or scree plot analysis). Once the number of second-order factors is determined,
the principal components or principal axis method is applied to extract the factors. This procedure
generates a second-order factor pattern matrix, often denoted $V_{2}$, which shows the loading of
each first-order factor onto the newly extracted second-order factors. These loadings indicate how
much variance in the first-order factors is explained by the overarching second-order construct.
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It is important to note the difference between the first-order structure and the higher-order structure
coefficients. The loadings in the $V_{2}$ matrix are the direct indices of the relationship between
the first-order factors and the second-order factors. If, for example, the first-order factor
"Impulsivity" loads highly onto the second-order factor "Negative Affectivity," this means that a
large portion of the variance in Impulsivity is explained by the broader Negative Affectivity
construct. This hierarchical mapping is crucial for structural interpretation.

Furthermore, researchers often calculate the structure coefficients relating the observed
variables directly to the second-order factors. This is achieved by multiplying the first-order pattern
matrix ($V_{1}$) by the second-order pattern matrix ($V_{2}$). The resulting matrix, $S_{2} = V_{1}
times V_{2}$, provides a comprehensive view of how the most abstract factor relates to the most
concrete measurements, confirming the overall explanatory power of the hierarchical model. This
calculation ensures that the model is consistent and that the second-order factor truly accounts for
the shared variance across the entire set of initial items.

Interpretation of Second-Order Factors

Interpreting second-order factors requires a shift in perspective from specific, measurable traits to
broad, unifying psychological constructs. Where first-order factors are often easily recognizable--

nn

such as "verbal ability," "spatial reasoning," or "conscientiousness"--second-order factors represent
the underlying mechanism or common source of energy that connects these specific traits. They
are conceptualized as superordinate traits or latent variables that exert influence across a wide

range of behaviors and cognitive processes.

A prime example of a critically important second-order factor is the concept of General
Intelligence, or 'g’, famously posited by Spearman. In intelligence research, specific abilities (first-
order factors) like numerical ability, memory, and reasoning ability are highly correlated. When
these specific factors are factored, the resulting second-order factor is typically interpreted as 'g,’
the pervasive general cognitive capacity that influences performance across all intellectual
domains. This interpretation transforms the understanding of intelligence from a collection of
discrete skills to a unified, hierarchical system.

The naming of a second-order factor must be grounded in strong theoretical reasoning and must
accurately reflect the commonality among all the first-order factors that load onto it. For instance, if
first-order factors such as "Tension," "Guilt Proneness," and "Apprehension” load heavily onto a
single second-order factor, that factor would likely be named "Anxiety" or "Neuroticism." The
interpretive process requires reviewing the conceptual meaning of all constituent first-order factors
and identifying the overarching psychological principle that ties them together, thereby moving the
model closer to explanatory psychological theory.
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Distinguishing First-Order vs. Second-Order Factors

The distinction between first-order and second-order factors is crucial for accurately describing the
hierarchical structure of psychological traits. While both are latent variables derived from factor
analysis, they operate at different levels of abstraction and utility. The first-order factor is directly
linked to the observed variables; its variance is explained by the shared variance among a specific
cluster of items, and it represents a relatively narrow, specific trait or ability.

The second-order factor, conversely, is not directly linked to the observed variables, but rather to
the interrelationships among the first-order factors. It represents a broad, unifying dimension that
accounts for why the narrow traits tend to co-occur in individuals. This difference in function
dictates their relative utility:

Level of Detail: First-order factors are useful for making detailed, fine-grained predictions about
specific behaviors or performance domains. Second-order factors are useful for broad
generalizations, structural modeling, and understanding the core architecture of a psychological
domain (e.g., personality structure).

Measurement: First-order factors are measured by the scores on the specific observed variables
(items) that load onto them. Second-order factors are measured indirectly by the scores of the first-
order factors that define them.

Correlation Requirement: First-order factors emerge from the correlation among observed
variables. Second-order factors emerge only from the correlation among the first-order factors,
necessitating oblique rotation.

In essence, the relationship is analogous to a corporate structure: the first-order factors are the
departmental managers responsible for specific operations, while the second-order factor is the
CEO, whose influence permeates all departments and explains their overall coordinated function.
Both levels are necessary for a complete structural description, but they answer different questions
about the underlying phenomenon.

Applications in Personality Psychology

Perhaps the most prolific application of second-order factoring is found within personality
psychology, particularly in the work stemming from Raymond Cattell's factor analytic research.
Cattell's model, the 16 Personality Factor Questionnaire (16PF), identified sixteen primary,
specific first-order factors, such as "Liveliness," "Vigilance," and "Abstractedness." However,
Cattell observed that these sixteen primary factors were systematically correlated.

When Cattell applied second-order factor analysis to the correlation matrix of his sixteen primary
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factors, he derived five major, broader dimensions. These five dimensions are recognized as the
global factors of the 16PF, including Extraversion, Anxiety, Tough-Mindedness, Independence,
and Self-Control. For example, the second-order factor of Anxiety accounts for the shared variance
among several first-order factors, such as Tension, Apprehension, and Emotional Instability. This
demonstrates how second-order factoring provided the necessary structural condensation, offering
a more manageable and powerful framework for describing overall personality variation.

Furthermore, the globally accepted Five-Factor Model (FFM), often referred to by the acronym
OCEAN (Openness, Conscientiousness, Extraversion, Agreeableness, Neuroticism), can also be
viewed through a hierarchical lens. While the FFM factors are often treated as first-order factors in
many analyses, the FFM dimensions themselves are often found to be correlated in certain
populations, particularly when measured at a highly granular level (facets). Analyzing these
correlations can sometimes lead to the identification of even broader, third-order constructs, such
as the General Personality Factor (GPF) or factors related to stability and plasticity.

The utility of second-order factors in personality research lies in their high level of parsimony.
Instead of having to manage sixteen separate traits (as in the 16PF), researchers can utilize the
five global second-order factors for clinical assessment, prediction, and cross-cultural research,
simplifying complex data without sacrificing the explanatory power of the underlying structure. This
hierarchical modeling capability ensures that both specific nuances and broad similarities are
accounted for within a single, cohesive theoretical framework.

Advantages and Limitations of Higher-Order Factoring

The utilization of second-order factors provides significant methodological and theoretical
advantages. A primary benefit is parsimony: complex systems involving dozens of first-order
factors can be summarized by a small number of broad, interpretable second-order factors. This
simplification facilitates clearer communication of research findings and allows for more
economical theoretical model building. Additionally, second-order factors often possess superior
predictive validity for certain broad outcomes, as they capture a greater range of generalized
dispositional tendencies than any single first-order factor alone.

The hierarchical structure inherent in second-order modeling also provides a more realistic
representation of psychological reality. It recognizes that abilities and traits are not random
collections but are organized in a structured, nested manner, reflecting underlying biological or
developmental processes. By isolating the source of shared variance among correlated first-order
factors, the researcher gains insight into the most fundamental, latent causes of individual
differences, thereby advancing causal inference in psychology.

However, higher-order factoring is not without its limitations. One significant drawback is the
increased demand for sample size. Since the analysis relies on the stability of the correlation
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matrix among the first-order factors, a much larger and more representative sample is required to
ensure that the correlations are robust and not merely artifacts of sampling error. Unstable first-
order factor correlations will inevitably lead to unreliable and uninterpretable second-order factors.

Furthermore, the interpretation of second-order factors can be highly abstract and subjective. As
the analysis moves further away from the concrete observed variables, the resulting factors
become increasingly theoretical, making it difficult to assign a definitive psychological meaning.
Researchers must exercise caution to avoid over-factoring or generating higher-order structures
that lack meaningful theoretical grounding, relying instead on statistical significance alone. The
results are also highly dependent on the initial choice of the oblique rotation method and the
criteria used to select the number of factors at both the first and second levels.

Higher-Order Structures (Third and Fourth Order)

The process of higher-order factoring is theoretically iterative and need not stop at the second
order. If the derived second-order factors themselves are found to be correlated--a condition that
sometimes arises in large, comprehensive batteries of tests--a researcher can apply the factor
analysis procedure once more to the correlation matrix of the second-order factors to derive third-
order factors. These third-order factors represent the broadest and most abstract levels of
organization within the measured domain.

In the realm of cognitive abilities, for instance, third-order factors are sometimes identified when
factoring broad second-order abilities such as Crystallized Intelligence (Gc) and Fluid Intelligence
(Gf). The resulting third-order factor often closely aligns with 'g," demonstrating that General
Intelligence can be viewed as the apex of a complex, three-tiered hierarchy. Similarly, some
structural models of personality have proposed a third-order General Personality Factor (GPF) that
accounts for shared variance across Extraversion, Conscientiousness, and Neuroticism,
representing a universal tendency toward social desirability and stability.

While mathematically possible, factoring rarely proceeds beyond the third or fourth order in
practical psychological research. The interpretive difficulty increases exponentially with each level
of abstraction, and the amount of unique variance explained by factors above the third order tends
to diminish significantly. Therefore, while higher-order factoring provides a powerful tool for
establishing the complete hierarchical architecture of complex constructs, researchers generally
aim for the simplest model that adequately fits the data, usually settling on the second or third
order as the pinnacle of structural explanation.
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