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SUBJECTIVE PROBABILITY

Defining Subjective Probability

Subjective probability refers to an individual's personal degree of belief regarding the likelihood of a
specific outcome occurring. Unlike objective probabilities, which are derived from physical
symmetries, long-run frequencies, or established mathematical principles, subjective probability is
fundamentally rooted in judgment, experience, and available, often incomplete, information. It
represents a quantifiable measure of the uncertainty felt by a person concerning the results of a
process, whether that process is repeatable or entirely unique. Historically rooted in the work of
philosophers and mathematicians like **Frank P. Ramsey** and **Bruno de Finetti**, this
interpretation posits that probability is inherently a psychological construct, meaning that two
equally rational individuals, possessing different background knowledge, may assign two distinct
subjective probabilities to the identical event without either being technically incorrect. This
perspective moves probability from being a property inherent in the world to being a property of the
observer's mind, a crucial distinction when analyzing human decision-making under uncertainty.

The estimation of an outcome by a person is the quintessential example of subjective probability in
action. When an investor assesses the chances of a startup succeeding, when a meteorologist
gives a 70% chance of rain based on model interpretation and experience, or when a juror decides
the likelihood of a defendant's guilt, they are relying on subjective probabilities. These estimations
are frequently utilized in situations where a frequentist approach--calculating probabilities based on
repeated trials--is impossible or impractical, such as predicting the outcome of a single, future
election or determining the chance of a specific, novel medical procedure succeeding. The strength
of this perspective lies in its applicability to virtually any uncertain event, provided the individual can
express their belief numerically, thereby allowing for formal mathematical treatment and integration
into decision models.

Understanding subjective probability necessitates recognizing that it is not merely a wild guess, but
rather a structured belief that should ideally adhere to the standard axioms of probability theory.
While the initial input is personal and experiential, the resulting probability assignment, to be
deemed rational, must be internally consistent. This consistency is often referred to as
**coherence**. A subjective probability expresses the willingness of a person to act or bet on an
outcome; specifically, it reflects the maximum price they would pay for a gamble that yields a
reward if the event occurs. Therefore, the numerical value assigned (a number between zero and
one) serves as a behavioral measure of belief, linking psychology directly to formal mathematical
modeling and providing the foundation for modern Bayesian statistics and utility theory.

Historical Foundations and Theoretical Development

The conceptual shift towards subjective probability gained significant traction in the early 20th
century, challenging the dominance of classical and frequentist interpretations that struggled to
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accommodate unique events or situations lacking obvious symmetry. While *Thomas Bayes**
indirectly laid groundwork through his theorem demonstrating how prior beliefs (prior probabilities)
are updated with new evidence to form posterior beliefs, the formalization of subjective probability
as a distinct philosophical interpretation is largely credited to **Frank P. Ramsey** in the 1920s
and, most powerfully, to **Bruno de Finetti** in the 1930s. Ramsey connected degrees of belief to
preferences and utility, arguing that a person's subjective probabilities could be elicited through
their choices under risk, particularly regarding monetary wagers. This laid the foundation for linking
probability directly to the agent's utility function, a core concept in rational choice theory.

De Finetti, a staunch proponent of subjective probability, went further, famously declaring,
"Probability does not exist." By this, he meant that probability is not an objective feature of the
physical world but is strictly a reflection of an individual's state of mind regarding uncertainty. De
Finetti developed the operational definition based on the concept of a **'Dutch Book**. He argued
that an individual's subjective probabilities are coherent if and only if they cannot be exploited by a
shrewd bookmaker, meaning that no combination of bets, based on the individual's stated
probabilities, could guarantee a loss regardless of the outcome. This coherence standard provided
the necessary mathematical rigor to treat subjective beliefs formally, ensuring that personal
probability estimations, while based on internal judgment, still comply with the fundamental laws of
addition and multiplication required by probability calculus.

The acceptance of this theoretical framework was slow, initially facing resistance from statisticians
committed to objective methodologies. However, its utility in complex modeling, especially within
economics, finance, and artificial intelligence, eventually cemented its place as a cornerstone of
statistical inference. The Bayesian approach, which relies entirely on the assignment and iterative
updating of subjective probabilities, has seen immense growth, particularly due to increased
computational power. This approach provides a robust mechanism for incorporating prior
knowledge, biases, and expert opinions into statistical analysis, allowing for inferences in contexts
where large datasets or repeated trials are unavailable, thereby solving problems intractable under
strictly frequentist frameworks.

Distinction from Objective Probability

To fully appreciate subjective probability, it is essential to contrast it with the various forms of
**objective probability**. Objective probability typically falls into two categories: the classical
interpretation and the frequentist interpretation. The classical view defines probability based on
symmetry, assuming equally likely outcomes (e.g., the probability of rolling a four on a fair six-sided
die is 1/6). The frequentist view defines probability as the limit of the relative frequency of an event
occurring in a large number of trials (e.g., the probability of a coin landing heads is determined by
flipping it thousands of times). Both objective interpretations rely on empirical evidence or structural
properties inherent to the generating process, meaning the probability value should ideally be the
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same for all observers.

The fundamental divergence arises because subjective probability does not require repeatability or
symmetry. Consider the event: "The world price of oil will exceed $100 per barrel by the end of
next quarter." A frequentist cannot assign a probability to this specific event because it is a unique,
non-repeatable historical outcome. A subjective probabilist, however, can assign a probability
based on their analysis of geopolitical factors, economic trends, and expert forecasts. This ability to
guantify uncertainty about singular events is the subjective approach's greatest strength. Where
objective probabilities measure tendencies inherent in nature (like half-life decay or genetic
mutation rates), subjective probabilities measure the conviction of the observer regarding an
unknown outcome.

Furthermore, subjective probabilities are dynamic and intrinsically personal. They change rapidly
as new information is incorporated via **Bayes' Theorem**. If an individual receives critical data,
their subjective probability estimate for an event will shift instantly. Objective probabilities,
conversely, are treated as fixed properties of the system; while new data might improve our
*estimate* of the true objective probability, the underlying probability itself is assumed to be
constant. The acceptance of observer-dependence is the key theoretical barrier separating the
subjective school from the objective schools, making subjective probability indispensable for
modeling human behavior where diverse prior beliefs and informational disparities are the norm.

The Principle of Coherence and Rationality

In the subjective framework, rationality is defined not by the accuracy of the initial probability
assignment, but by the structural consistency, or **coherence**, of the assigned probabilities. As
established by De Finetti, a set of subjective probabilities is coherent if and only if it is impossible to
construct a series of bets against the individual (a Dutch Book) that would guarantee a net loss for
the individual, regardless of which event actually occurs. For example, if a person assigns a
probability of 0.8 to Event A and 0.3 to its complement, Not A, their probabilities sum to 1.1, which
is incoherent. A clever bookmaker could exploit this by offering two complementary bets that
together ensure the individual loses money. The necessity of coherence ensures that subjective
probabilities, despite their personal origin, must still conform to the basic additive rules of standard
probability theory (i.e., probabilities must sum to one, and the probability of a union of mutually
exclusive events must be the sum of their individual probabilities).

The principle of coherence provides a normative standard for how rational agents *should*
structure their beliefs, even if those beliefs are based on limited data or expert intuition. This
principle is vital because incoherent probabilities lead directly to predictable financial loss or
suboptimal decision-making in high-stakes environments. Therefore, while subjective probabilities
are based on personal judgment, the rational implementation requires adherence to mathematical
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constraints. When individuals violate coherence, it is often due to cognitive limitations, systematic
biases, or emotional influences, which are areas frequently studied in behavioral economics. The
theoretical ideal is a fully coherent individual whose internal beliefs perfectly reflect the
mathematical constraints of probability.

The concept of coherence extends beyond mere summation to conditional probabilities. A coherent
individual must also adhere to the rules of conditional probability, ensuring that the probability of
Event A given Event B is rationally related to the joint probability of A and B. When human subjects
are tested for coherence, they frequently violate these rules, particularly when dealing with
complex or compound events. These systematic violations highlight the difference between the
normative standard of subjective probability theory (coherence) and the descriptive reality of
human probability estimation (often incoherent), providing fertile ground for research into cognitive
psychology and judgment under uncertainty.

Psychological Influences and Cognitive Biases

While the subjective probability framework offers a normative model of how beliefs should be
structured, actual human estimation is heavily influenced by cognitive shortcuts and systematic
errors known as **heuristics and biases**, pioneered by psychologists **Daniel Kahneman** and
*Amos Tversky**. These heuristics, while generally efficient for rapid decision-making, often lead
to predictable deviations from the coherent, rational probabilities prescribed by theory. These
psychological factors underscore why subjective probabilities are highly variable across individuals
and why they often fail to align with objective probabilities even when sufficient information is
available. The study of these biases is central to behavioral finance and decision psychology.

Two of the most impactful biases affecting subjective probability estimation are the **Availability
Heuristic** and the **Representativeness Heuristic**. The Availability Heuristic causes individuals
to overestimate the probability of events that are easily recalled or vivid in memory (e.qg.,
overestimating the frequency of plane crashes after seeing extensive media coverage). Because
easily accessible information feels more probable, subjective estimates become skewed by
salience rather than true frequency. The Representativeness Heuristic involves judging the
probability of an event based on how closely it matches a prototype or stereotype, often leading to
the neglect of base rates. For instance, judging that a quiet, organized person is more likely to be a
librarian than a salesperson, even though salespeople vastly outnumber librarians in the general
population, is a classic error stemming from representativeness, severely distorting the subjective
probability assignment.

Other significant biases include **Anchoring**, where initial arbitrary information disproportionately
influences final probability estimates, and **Confirmation Bias**, the tendency to seek out and
interpret information that confirms existing subjective beliefs, while ignoring contradictory evidence.
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These biases are critical because they explain the persistent incoherence observed in real-world
judgment. An expert, for example, might anchor their probability estimate for a project's completion
time based on an initial, rushed guess, failing to adjust sufficiently when new, negative data
emerges. Therefore, while subjective probability theory provides the mathematical structure,
cognitive psychology explains the often-irrational inputs, demonstrating the profound challenge of
achieving genuinely coherent and accurate personal probability estimates.

Elicitation and Measurement Techniques

A core practical challenge in working with subjective probability is its measurement, or
**elicitation**. Since subjective probability exists only in the mind of the individual, researchers and
practitioners must employ structured methods to translate that internal belief into a usable,
numerical value. Direct questioning (e.g., "What is the probability of this event?") is the simplest
method, but it is prone to miscalibration and cognitive biases, as individuals may not accurately
map their feeling of uncertainty onto the scale. Consequently, more sophisticated, indirect methods
are often employed, based on the individual's willingness to engage in hypothetical or real-world
gambles.

One of the most robust indirect methods involves the use of **betting quotients**. Based on De
Finetti's operational approach, the subjective probability assigned to an event is defined by the
maximum ratio of potential loss to potential gain that the individual is willing to accept for a bet on
that event. For example, if an individual is willing to bet $30 to win $100 (for a net gain of $70),
their subjective probability is $30 / ($30 + $70) = 0.3. By observing the individual's indifference
point--the threshold where they are equally willing to take either side of the bet--one can accurately
infer their internal probability estimate, assuming they are coherent and maximizing expected
utility.

Furthermore, in research and forecasting environments, **Scoring Rules** are used to incentivize
honest reporting of subjective probabilities. A scoring rule is a mathematical function that assigns a
score to the forecaster based on their probability prediction and the actual outcome of the event.
The most common is the **Brier Score**, which penalizes the square of the difference between the
predicted probability and the actual outcome (1 or 0). Proper scoring rules are designed such that
the forecaster maximizes their expected score only by stating their true, internal subjective
probability. This technique is crucial in fields like weather forecasting and intelligence analysis,
ensuring that elicited subjective probabilities are as truthful and coherent as possible, mitigating the
tendency for individuals to hedge or misrepresent their genuine beliefs.

Applications in Decision Theory and Finance

Subjective probability is the central operational mechanism within **Expected Utility Theory
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(EUT)**, the foundational model of rational choice under uncertainty. EUT posits that individuals
make decisions by calculating the expected utility of each available option, which is the sum of the
utilities of all possible outcomes, weighted by their subjective probabilities. In this framework, the
decision-maker selects the option that maximizes this weighted sum. Without a way to quantify
personal belief (subjective probability), EUT collapses, as there would be no means to aggregate
the value of potential, uncertain outcomes. This framework is universally applied across
economics, political science, and operations research.

In the field of finance, subjective probability drives valuation models, particularly when dealing with
unique assets or complex derivatives. Investors assign subjective probabilities to future states of
the world (e.g., recession, stability, boom) and then calculate the expected return of various
portfolios based on these probabilities. Similarly, the insurance industry relies heavily on subjective
judgment for assessing risk in non-standard policies, such as insuring specialized satellites or
unique high-value art. While actuarial data provides objective base rates for common risks, unique
risks require expert subjective assessment to set appropriate premiums.

Moreover, the entire edifice of **Bayesian statistics** is predicated on the use of subjective
probabilities. Bayesian methods begin with a **prior probability distribution**--a subjective
expression of initial belief about a parameter--which is then systematically updated using observed
data (likelihood function) to yield a **posterior probability distribution**. This iterative process
allows analysts to continually refine their subjective beliefs in a mathematically rigorous manner.
This application is particularly potent in areas like machine learning, medical diagnosis, and judicial
reasoning, where initial expert opinion must be formally combined with empirical evidence to arrive
at a revised, more informed probability estimate.

Critique and Limitations

Despite its theoretical elegance and practical utility, subjective probability faces significant
philosophical and practical critiques. One major limitation stems from the lack of empirical
testability. Since subjective probabilities are inherently personal and apply even to non-repeatable
events, there is no objective means to definitively prove that a given subjective probability
assignment is "correct,” only whether it is coherent. This contrasts sharply with frequentism, where
probabilities are validated by the long-run outcomes of trials. Critics argue that if two rational
individuals can assign vastly different probabilities to the same event, the concept lacks the
objectivity necessary for scientific consensus.

A second practical limitation is the issue of **interpersonal comparability**. Because subjective
probabilities reflect personal states of knowledge and utility functions, it is often difficult or
impossible to compare the probabilities assigned by different individuals directly. This challenge
complicates the aggregation of expert opinion, as a simple average of differing subjective
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probabilities may not represent a meaningful or coherent collective belief. Furthermore, eliciting
truthful subjective probabilities is notoriously difficult, as the individual may suffer from cognitive
biases, lack introspective access to their true beliefs, or intentionally misrepresent their beliefs for
strategic reasons (e.g., bluffing in a negotiation).

Finally, the standard of coherence, while mathematically necessary, is a high bar that human
judgment often fails to meet in reality. Psychological research consistently demonstrates that
people are systematically incoherent, especially under time pressure or high cognitive load. While
the theory provides a normative guide for rationality, the descriptive reality means that models
relying on perfect subjective coherence may be poor predictors of actual human behavior.
Therefore, the application of subjective probability often requires an acknowledgment of human
fallibility, necessitating the integration of insights from behavioral science to bridge the gap
between idealized rational belief and practical, biased judgment.
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